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Abstract We present a potent computational method for the solution of inverse problems in fluid mechanics.
We consider inverse problems formulated in terms of a deterministic loss function that can accommodate
data and regularization terms. We introduce a multigrid decomposition technique that accelerates the
convergence of gradient-based methods for optimization problems with parameters on a grid. We incorpo-
rate this multigrid technique to the Optimizing a DIscrete Loss (ODIL) framework. The multiresolution
ODIL (mODIL) accelerates by an order of magnitude the original formalism and improves the avoidance
of local minima. Moreover, mODIL accommodates the use of automatic differentiation for calculating the
gradients of the loss function, thus facilitating the implementation of the framework. We demonstrate the
capabilities of mODIL on a variety of inverse and flow reconstruction problems: solution reconstruction
for the Burgers equation, inferring conductivity from temperature measurements, and inferring the body
shape from wake velocity measurements in three dimensions. We also provide a comparative study with the
related, popular Physics-Informed Neural Networks (PINNs) method. We demonstrate that mODIL has
three to five orders of magnitude lower computational cost than PINNs in benchmark problems including
simple PDEs and lid-driven cavity problems. Our results suggest that mODIL is a very potent, fast and
consistent method for solving inverse problems in fluid mechanics.

1 Introduction

The domain of applications of inverse problems spans
many areas of science and engineering, including med-
ical imaging, geophysics, astronomy, materials science,
and many others. We refer the reader to the books [1–
4]. Inverse problems play a crucial role in numer-
ically solving partial differential equations, particu-
larly in the field of fluid mechanics. A specific type
of inverse problem in fluid mechanics is flow recon-
struction, which involves estimating a flow field using
limited measurements such as pressure or velocity.
Flow reconstruction is an example of data assimi-
lation, which involves combining mathematical mod-
els and observations to estimate the state of a sys-
tem. The main challenge in both flow reconstruc-
tion and data assimilation is accurately estimating
unobserved variables while accounting for uncertain-
ties in the measurements and the model. Machine
learning tools such as neural networks have recently
been used to solve these problems by incorporating
noisy data, solving differential equations, and infer-
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ring unknown parameters and constitutive laws [5–8].
We argue that combining traditional numerical meth-
ods with automatic differentiation and other machine
learning tools can solve these problems much faster.
Data assimilation is often an ill-posed inverse problem
because the measurements obtained may only provide a
limited and noisy representation of the actual field due
to factors such as under-resolution. Weather forecast-
ing is a common application of data assimilation, where
predictions are made based on unevenly distributed
data from weather stations worldwide [9].

Solving inverse problems is challenging. Inverse prob-
lems are often nonlinear, even when the direct prob-
lem is linear. Moreover, inverse problems may not have
a unique solution so that small errors in measure-
ments can cause significant variations in the determined
model. Finally, solving inverse problems requires itera-
tive techniques that involve solving the direct problem
multiple times, which can be computationally expen-
sive [1].

We have proposed the ODIL (Optimizing a Discrete
Loss) framework [10], to address these challenges. First,
ODIL is based on the discretization of the forward prob-
lem, using modern machine learning tools such as auto-
matic differentiation to hide complexity and nonlinear-
ity while maintaining its sparse structure. Addition-
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ally, if the forward problem is linear and the resulting
optimization problem is quadratic, ODIL exploits this
structure and can converge to an exact solution in a
single iteration. Second, ODIL introduces a regulariza-
tion term that encourages smoothness, uniqueness, or
stability of the solution, with few limitations imposed
on the term. This feature allows ODIL to apply to sit-
uations where the forward problem may be ill-posed.

In this paper, in order to address the high compu-
tational cost of inverse problems, we introduce mul-
tiresolution methods that exploit the multi-scale nature
of the forward problem by decomposing it into differ-
ent scale bands, each with different levels of detail.
This decomposition allows the optimization algorithm
to focus on coarse-scale features of the problem first and
then, refine the solution by adding finer-scale details
as needed. Starting with a coarse-scale approximation
of the solution and gradually refining, mODIL explores
the parameter space more effectively and avoids getting
stuck in a local minimum, resulting in faster conver-
gence. Finally, the corresponding optimization problem
in ODIL has a standard form and allows the use of pop-
ular optimization methods in machine learning, from
stochastic gradient descent (SGD) to more advanced
methods such as L-BFGS-B [11]. As a result, ODIL can
benefit from fast implementation on GPUs and familiar
programming tools such as TensorFlow and PyTorch.

In the following, we contrast ODIL with methods
which are implemented as end-to-end software solu-
tions. A popular approach is adjoint method, imple-
mented in dolfin-adjoint [12]. It works by auto-
matically constructing and solving the adjoint equa-
tions associated with the forward problem. The adjoint
equations provide a way to efficiently compute the
derivatives of a quantity of interest with respect to
the input parameters, without requiring the user to
manually derive and implement the adjoint equations.
However, this approach is limited to the situation
where the forward and adjoint problem are well-posed,
while ODIL does not have this limitation. In addition,
dolfin-adjoint is a sophisticated tool that combines
an open-source platform for solving partial differen-
tial equations with a custom automatic differentiation
library. It requires a substantial amount of expertise in
mathematics and programming to use it effectively. The
nudging technique [13] adds a forcing term to incorpo-
rate known velocity measurements and also relies on a
well-posed forward problem. In the context of optimal
control, the flow can be sampled from the forward prob-
lem to obtain a policy via reinforcement learning [14].

Another approach that has become popular recently
is Physics-Informed Neural Networks (PINNs) that
use neural networks to represent unknown fields and
include a loss function that penalizes the mismatch
between predicted and observed data, as well as the
right-hand side of the differential equations, bound-
ary, and initial conditions [5,15,16]. A key advantage of
PINNs is the simplicity of their implementation. How-
ever, PINNs have certain limitations when it comes to
addressing inverse problems: neural networks are highly
nonlinear functions and their approximation of the solu-

tion does not necessarily reflect the character of the
PDEs (e.g., hyperbolic or parabolic cases. Furthermore,
PINNs do not fully exploit the linearity inherent in
the forward problem, leading to slow convergence even
for trivial cases. Moreover, PINNs exhibit a spectral
bias, where solutions tend to be dominated by specific
modes [17,18]. This bias arises due to incomplete physi-
cal modeling, although efforts have been made to design
neural network architectures that capture the spectral
properties of the solution. PINNs are known for their
slow convergence, which results from the lack of sparse
structure stemming from the locality of physical laws.
In contrast, ODIL reflects the character of the underly-
ing physical laws as it is based on consistent discretiza-
tions of the PDEs. Additionally, it can be difficult to
harness the multi-scale nature of the problem using
PINNs. Finally, ODIL is interpretable, while PINNs
are expressed by nonlinear neural networks. We remark
that the grid-based discretization in ODIL may suffer
from the curse of dimensionality in high-dimensional
problems, while the error of PINNs typically scales as a
square root of the number of training points regardless
of the space dimensionality [19].

In this paper, we extend the ODIL framework [10]
with a multigrid decomposition technique to acceler-
ate the convergence of gradient-based optimizers based
on automatic differentiation. We evaluate the technique
on a series of benchmark problems: Poisson’s equation,
solution reconstruction for the Burgers equation, infer-
ring a nonlinear conductivity from temperature mea-
surements, and inferring the body shape from velocity
measurements. We demonstrate that the mODIL tech-
nique reduces the number of iterations to achieve a cer-
tain error by 10–100 times over ODIL. Furthermore,
we show that it outperforms by orders of magnitude
PINNs.

2 Methods

2.1 ODIL framework

The (Optimizing a DIscrete Loss) ODIL framework for-
mulates the problem as minimization of a loss function
that can include the residuals of the discretized govern-
ing equations, terms to incorporate data, and regular-
ization terms.

For example, consider a finite-difference discretiza-
tion of the wave equation utt = uxx on a Cartesian grid
in the space-time domain. The following loss functions

L(u) =
∑

(i,n)∈Ω1

(
un+1
i − 2un

i + un−1
i

Δt2
− un

i+1 − 2un
i + un

i−1

Δx2

)2

+
∑

(i,n)∈Ω2

(
un
i − gni

)2 (1)

contains the residuals of the discretized equation in
points Ω1 and terms to impose known values gn

i in
points Ω2. Here, un

i is a discrete field representing
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the solution. This formulation covers all correct initial-
value problems, in which case Ω1 contains inner points,
Ω2 contains initial and boundary points, the minimum
is unique and the loss function evaluates to zero. How-
ever, this formulation is more general since points Ω2

can be placed anywhere in the space-time domain and
thus incorporate noisy or incomplete data. The same
idea extends to nonlinear equations. To solve the min-
imization problem with a gradient-based method, such
as Adam [20] or L-BFGS-B [11], we need the gradient
of the loss, which computed using automatic differenti-
ation in TensorFlow [21]. To apply the Gauss–Newton
method, we linearize the discrete equations to obtain
a quadratic minimization problem and iteratively find
the minimum by solving a sparse linear system [10] with
either a direct method [22] or an algebraic multigrid
method [23]. For brevity, we refer to the above Gauss–
Newton method as simply Newton’s method through-
out the paper. We use an implementation of L-BFGS-B
from SciPy [22] and Adam from TensorFlow [21].

In our previous work [10], we compared ODIL in
terms of accuracy, convergence rate, and computational
cost with PINN [16] on a set of forward and inverse
problems for PDEs, showing that ODIL is more com-
putationally efficient than PINN by several orders of
magnitude.

2.2 Multigrid decomposition

Multigrid methods are generally accepted as the fastest
numerical methods for solving elliptic differential equa-
tions [24]. A standard multigrid method consists of the
following parts: a hierarchy of grids including the origi-
nal grid and coarser grids, discretizations of the problem
on each grid, interpolation operators to finer levels, and
restriction operators to coarser levels. The method iter-
atively updates the solution on each level, interpolates
the update to finer levels, and restricts the residuals to
coarser levels.

As discussed in the previous section, the optimiza-
tion problem in ODIL can be solved with Newton’s
method which involves a linear system at each step,
so the multigrid method can be applied directly to
that linear system. The conventional role of a multigrid
method is to act as a linear solver or a preconditioner
for an iterative method [25–30]. Our previous results
on ODIL [10] has shown that while Newton’s method
converges much faster than gradient-based methods, it
relies on sparsity of the linearized system and requires
a linear solver which determines the cost and may
have limited efficiency especially on GPUs [31]. There-
fore, gradient-based optimizers can become more effi-
cient for larger problems or if the Jacobian matrix with
respect to certain parameters is dense, e.g., weights
of a neural network. However, all problems considered
in [10] are solved faster by Newton’s method than by
gradient-based methods due to their slow convergence.
The slow convergence is explained by the local nature of
gradient-based methods. An update in each grid point
mostly depends on the gradient of the loss function with

respect to the value in that grid point, and possibly a
limited history of the gradients, e.g., momentum terms
or an approximate inverse Hessian.

Here, we propose a multigrid decomposition tech-
nique to accelerate the convergence of optimization
methods for problems that involve discrete fields on
a grid. Consider a uniform grid with N1 = N points
in each direction. Introduce a hierarchy of successively
coarser grids of size Ni = N/2i−1 for i = 1, . . . , L, where
L is the total number of levels. Define the multigrid
decomposition operator as

ML(u1, . . . , uL) = u1 + T1u2 +
· · · + T1T2 . . . TL−1uL, (2)

where each ui is a field on grid Ni, and each Ti is
an interpolation operator from grid Ni+1 to the finer
grid Ni. The multigrid decomposition of a discrete field
u on a grid of size N reads

u = ML(u1, . . . , uL). (3)

Note that this representation is over-parameterized
and therefore, not unique. The total number of scalar
parameters increases from Nd of the original field u to
Nd

1 + · · · + Nd
L for the representation u1, . . . , uL. The

multigrid decomposition operator can be implemented
using Horner’s scheme to reduce the number of operator
evaluations

ML(u1, . . . , uL) = u1 + T1(u2 +

. . . TL−2(uL−1 + TL−1uL) . . . ). (4)

We define the interpolation operators Ti using linear
interpolation [24]. We distinguish node-based and cell-
based discretizations on a uniform Cartesian grid con-
sisting of Nd cells in d dimensions. For a node-based
discretization, the discrete field contains N + 1 values
in each direction located in the grid nodes. For a cell-
based discretization, the discrete field contains N values
in each direction located in the cell centers. As an illus-
tration, consider a hierarchy of grids in one dimension
with N = N1 = 8, N2 = 4, and N3 = 2 cells. The node-
based interpolation matrices T1 ∈ R

9×5 and T2 ∈ R
5×3

are

T1 =
1
2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 0 0 0 0
1 1 0 0 0
0 2 0 0 0
0 1 1 0 0
0 0 2 0 0
0 0 1 1 0
0 0 0 2 0
0 0 0 1 1
0 0 0 0 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

T2 =
1
2

⎡
⎢⎢⎢⎣

2 0 0
1 1 0
0 2 0
0 1 1
0 0 2

⎤
⎥⎥⎥⎦ . (5)

123



   59 Page 4 of 13 Eur. Phys. J. E           (2023) 46:59 

The cell-based interpolation matrices T1 ∈ R
8×4 and

T2 ∈ R
4×2 are

T1 =
1
4

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

5 −1 0 0
3 1 0 0
1 3 0 0
0 3 1 0
0 1 3 0
0 0 3 1
0 0 1 3
0 0 −1 5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

T2 =
1
4

⎡
⎢⎣

5 −1
3 1
1 3

−1 5

⎤
⎥⎦ . (6)

Now, we obtain mODIL by replacing a discrete field in
ODIL with its multigrid decomposition. The rest of the
framework remains the same, including the discretized
PDEs and the optimization algorithm. Gradients of the
resulting loss function can be computed using auto-
matic differentiation. This technique addresses the issue
of locality of gradient-based optimizers by extending
the domain of dependence of each scalar parameter so
that information can propagate through the grid faster.

3 Applications

We demonstrate the acceleration offered by mODIL
over ODIL and PINN in a number of applications.

3.1 Poisson equation

We solve the Poisson equation as a minimization prob-
lem to study the effect of the multigrid decomposition
on the convergence rate of two optimization algorithms:
Adam and L-BFGS-B. As a benchmark problem, we
choose a boundary value problem for the Poisson equa-
tion with zero Dirichlet boundary conditions

∇2u = f, x ∈ Ω,

u = 0, x ∈ ∂Ω,
(7)

where Ω = [0, 1]d is a d-dimensional unit cube. We con-
sider two discretizations on a uniform Cartesian grid
consisting of Nd cells: a finite-volume discretization
with cell-based values and a finite-difference discretiza-
tion with node-based values. We define the reference
solution as

uref(x) = g

(
d∏

i=1

5(1 − xi)xi

)
(8)

where g(v) =
(
v5/(1 + v5)

)1/5 and obtain the right-
hand side f(x) by evaluating the discretization of the
Laplacian ∇2 on the reference solution. Therefore, the
reference solution uref is the exact solution of the dis-
crete problem. Figure 1 shows the reference solution uref

and the corresponding right-hand side for the one- and
two-dimensional (d = 1, 2) cases with node-based val-
ues on a grid of size N = 32 cells. In the cell-based dis-
cretization, the discrete field contains values in the cell
centers and consists of N values in each direction and
the Dirichlet boundary conditions are imposed using
quadratic extrapolation from the cell centers. In the
node-based discretization, the discrete field contains
values in the grid nodes and consists of N + 1 val-
ues in each direction and the Dirichlet boundary con-
ditions are imposed directly on the nodes. Following
the mODIL framework, we reformulate the problem as
minimization of a loss function

L(u) ≈
∫

Ω

(∇2u − f)2dV +
∫

∂Ω

u2dS (9)

and apply the multigrid decomposition to the unknown
field. The initial guess is zero.

Figure 2 shows the convergence history of mODIL
with Adam run for 400 iterations with the learning rate
set to 0.005. The error is the root-mean-square (RMS)
error relative to the exact solution. The results include
one-, two-, and three-dimensional cases (d = 1, 2, 3)
both for the node-based and cell-based discretizations
using the multigrid decomposition with L levels for
L = 1 to 5. The case of L = 1 is equivalent to the
original formulation on a single grid of 32 cells. Cases
with more levels L > 1 include the original grid plus
coarser levels with 16, 8, 4, and 2 cells. Overall, increas-
ing the number of levels accelerates the convergence.
Also, the convergence is faster for the node-based dis-
cretization. However, the convergence of Adam remains
rather slow. For the node-based discretization, the error
remains above 10−5 after 400 iterations. For the cell-
based discretization, the situation is even worse with
the error remaining above 0.2.

Figure 3 shows the convergence history of mODIL
with L-BFGS-B run for 400 iterations with the lim-
ited history of 50 vectors. L-BFGS-B converges much
faster than Adam. In the one-dimensional case, the
error achieves the machine precision after about 50 iter-
ations with three or more levels. In the two- and three-
dimensional cases, the error achieves the machine pre-
cision after 200 iterations for the node-based discretiza-
tion using five levels. Again, increasing the number of
levels accelerates the convergence.

3.2 Burgers equation: reconstruction

Here, we consider an ill-posed problem of reconstruct-
ing the solution of the Burgers equation from sparse
measurements. We solve the problem in a unit domain
(x, t) ∈ [0, 1]2. The problem is to find a solution u(x, t)
to the Burgers equation ut +uux = 0 that takes known
values u(xi, ti) = ui in a finite set of measurement
points (xi, ti) for i = 1, . . . , N . In this example, we
imposed the reference solution in 84 points placed on
the edges of a rectangle. We use a finite volume dis-
cretization on a uniform grid using a first-order upwind
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Fig. 1 Reference solution and the corresponding right-
hand side of the Poisson equation. a, b One-dimensional
case d = 1. c Cumulative sum of the multigrid levels after
400 iterations of Adam with node-based discretization com-

pared to the reference solution . The sum includes
1 , 2 , 3 , 4 , and 5 coarsest
levels. d, e Two-dimensional case d = 2

scheme for the flux. The loss function is a discretization
of the squared residual and terms to impose the known
values

L(u) ≈
∫

(ut +uux)2dV +
1
N

N∑
i=1

(u(xi, ti)−ui)2 (10)

The grid consists of 64×64 cells. To generate the refer-
ence solution, we solve the discrete problem with zero
Dirichlet boundary conditions and the initial condition
u = (1−cos 6πx)/2. In the case of ODIL optimized with
Newton’s method, we amend the loss function with reg-
ularization terms and obtain

L(u) ≈
∫

(ut + uux)2dV +
1
N

N∑
i=1

(u(xi, ti) − ui)2

+kxreg

∫
u2

xdV + ktreg

∫
u2

t dV (11)

The regularization coefficients decay with iterations
and take values kxreg = ktreg = 0.01 · 2−n/3, where
n is the iteration number. This regularization enables
convergence of Newton’s method.

Figure 4 shows the obtained solutions in the space-
time domain and the convergence history of various
optimization methods: ODIL with Newton, mODIL
with L-BFGS-B using six levels (64, 32, 16, 8, 4, and

2 cells), and ODIL with L-BFGS-B. The error is the
RMS error relative to the reference solution. We note
that the error does not converge to zero since impos-
ing the reference solution on the edges of a rectan-
gle is not sufficient to extend the solution throughout
the domain. However, all optimization methods recover
the solution inside the rectangle. ODIL with Newton
demonstrates the fastest convergence, reaching an error
of 0.2 after about 10 iterations. mODIL with L-BFGS-B
reaches an error of 0.15 after about 40 iterations. Both
methods produce a solution that is consistent with the
imposed solution in the areas spanned by the charac-
teristics extending from the rectangle. The loss function
achieves values below 10−4. Conversely, ODIL with L-
BFGS-B stops at a larger error of 0.4 even after 10,000
iterations and produces a qualitatively different solu-
tion that appears to be a local minimum.

To evaluate the method on noisy data, we add uni-
form noise U [0, 0.05] to the reference solution and
repeat the analysis. Figure 5 shows the results. The
error behaves similar to the case without the noise. The
loss function now only reaches values below 0.1, since
the imposed data points are no longer consistent with
a solution of the Burgers equation. Also, the inferred
solution has rapid changes near the initial time t = 0.
Again, ODIL with L-BFGS-B produces a solution that
is qualitatively different and has a larger error.
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Fig. 2 Convergence history of mODIL with Adam for the d-dimensional Poisson equation using L = 1 , 2 ,
3 , 4 , and 5 levels. a–c Node-based discretization. d–f Cell-based discretization

Fig. 3 Convergence history of mODIL with L-BFGS-B for the d-dimensional Poisson equation using L = 1 , 2 ,
3 , 4 , and 5 levels. a–c Node-based discretization. d–f Cell-based discretization
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Fig. 4 Reconstructing the solution of the Burgers equation
from sparse measurements. a Solution found by ODIL with
Newton and mODIL with L-BFGS-B compared to the refer-
ence solution. The measurement points are on the perimeter
of a rectangle (black dots). b Solution found by ODIL with

L-BFGS-B. c, d Convergence history of ODIL with New-
ton , mODIL with L-BFGS-B , and ODIL with
L-BFGS-B showing the square root of the loss func-
tion and the RMS error relative to the reference solution

Fig. 5 Reconstructing the solution of the Burgers equa-
tion from sparse measurements. The reference solution is
perturbed by uniform noise. a Solution found by ODIL with
Newton and mODIL with L-BFGS-B compared to the refer-
ence solution. The measurement points are on the perimeter
of a rectangle (black dots). b Solution found by ODIL with

L-BFGS-B. c, d Convergence history of ODIL with New-
ton , mODIL with L-BFGS-B , and ODIL with
L-BFGS-B showing the square root of the loss func-
tion and the RMS error relative to the reference solution
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Fig. 6 Lid-driven cavity flow at Re = 100 solved using
mODIL and PINN. a Streamlines from mODIL. The top
wall moves along the arrow. b Convergence history of
mODIL with L-BFGS-B using L = 1 , 2 ,
3 , 4 , and 5 levels, and PINN show-

ing the RMS error in velocity u relative to the final result of
each method. c–g Multigrid levels of velocity u obtained by
mODIL: u5 c, u4+T4u5 d, u3+T3(u4+T4u5) e, u2+T2(u3+
T3(u4+T4u5)) f, and u = u1+T1(u2+T2(u3+T3(u4+T4u5)))
g with interpolation operators T1, T2, T3, T4

3.3 Lid-driven cavity

The lid-driven cavity problem is a standard test case [32]
for numerical methods for the steady-state Navier–
Stokes equations in two dimensions

ux + vy = 0,

uux + vuy = −px + 1/Re(uxx + uyy),
uvx + vvy = −py + 1/Re(vxx + vyy),

(12)

where u(x, y) and v(x, y) are the two velocity compo-
nents and p(x, y) is the pressure. The problem is solved
in a unit domain with no-slip boundary conditions. The
upper boundary is moving to the right at a unit veloc-
ity, while the other boundaries are stagnant. We apply
both mODIL and PINN to this problem. To represent
the solution in mODIL, we use a uniform grid of 65×65
cells with the multigrid decomposition. We use a finite
volume discretization on a uniform Cartesian grid based
on the SIMPLE method [33,34] with the Rhie–Chow
interpolation [35] to prevent oscillations in the pres-
sure field and the deferred correction approach that
treats high-order discretization explicitly and low-order
discretization implicitly to obtain an operator with a
compact stencil. To represent the solution (u, v, p) in
PINN, we use a fully-connected neural network of size
2 × 32 × 32 × 32 × 3. The number of collocation points
for PINN is 10,000 points inside the domain and 400 for

the boundary conditions. We use L-BFGS-B to solve
the optimization problem for both methods.

Figure 6 shows the streamlines at Re = 100 obtained
using mODIL, as well as a convergence history of L-
BFGS-B depending on the number of multigrid levels.
The RMS error in velocity u is computed relative to the
solution of the discrete problem in the case of mODIL
or the solution at iteration 420,000 in the case of PINN.
mODIL with L = 5 levels (65, 33, 17, 9, and 5 cells)
shows the fastest convergence, taking 320 iterations to
reach an error of 10−3. ODIL (equivalent to mODIL
with L = 1) takes 3840 iterations. PINN takes 70,000
iterations to reach the same error, which is 20x more
than ODIL and 200x more than mODIL with L = 5.

3.4 Inferring conductivity from temperature

Here, we consider an inverse problem of inferring a con-
ductivity function from temperature measurements. We
solve the problem in a unit domain (x, t) ∈ [0, 1]2. The
problem is to find a nonlinear conductivity function
k(u) and temperature field u(x, t) that satisfies the heat
equation ut − (k(u)ux)x = 0 with zero Dirichlet bound-
ary conditions u(0, t) = u(1, t) = 0 and initial condi-
tions u(x, 0) = g(x) − g(0), where g(x) = e−50(x−0.5)2 .
In addition, the temperature field needs to take known
values u(xi, ti) = ui in a finite set of measurement
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Fig. 7 Inferring conductivity from temperature measure-
ments. a, b Convergence history of PINN with L-BFGS-
B , mODIL with L-BFGS-B , ODIL with L-
BFGS-B , ODIL with Newton , showing the
RMS error in temperature and conductivity normalized

by its maximum reference value. c, d Inferred tempera-
ture field and conductivity function from PINN and
ODIL compared to the reference solution . The
measurement points are shown in the reference temperature
field (black dots)

points (xi, ti) for i = 1, . . . , 500. We discretize the equa-
tion on a uniform grid with cell-based values as

un+1
i − un

i

Δt

−k(ui+1/2)(u
n+1
i+1 − un+1

i ) − k(ui−1/2)(u
n+1
i − un+1

i−1 )

Δh2

= 0 (13)

where ui+1/2 = (un+1
i+1 + un+1

i )/2. The loss function for
the inverse problem consists of the residuals of the equa-
tion and the quadratic terms to impose the temperature
values as well as the initial and boundary conditions.

To generate the temperature measurements and the
reference solution, we specify the conductivity func-
tion as k(u) = 0.02 e−20(u−0.5)2 and solve the forward
problem on a grid of 256 × 256 cells. Then, we solve
the inverse problem using PINN and ODIL and com-
pare the results. To represent the unknown conductivity
function k(u), we use a fully-connected neural network
of size 1 × 5 × 5 × 1, i.e., one input u, two hidden lay-
ers with five neurons in each layer, and one output k,
which is then squared to ensure that the conductiv-
ity is non-negative. To represent the temperature field
u(x, t), we use a fully connected neural network of size

2×32×32×32×32×1 in PINN and a uniform grid of
64×64 cells in ODIL. The number of collocation points
for PINN is 4096 points inside the domain and 384 for
the initial and boundary conditions. Figure 7 shows the
convergence history, the inferred temperature and con-
ductivity. In the case of ODIL optimized with Newton’s
method, we add a regularization term k2

w‖w −w∗‖2
2 for

the weights of the neural network k(u), where kw = 0.8
is a parameter, w is a vector of all weights, and w∗ is
a vector with the same weights but “frozen,” so they
are ignored in the linearization of the problem. This
regularization introduces damping for the weights but
does not affect the solution if the method converges.
Both PINN and ODIL infer similar temperature fields
and conductivity functions. The convergence history
includes the RMS error in the temperature field rel-
ative to the reference solution and the RMS error in
the conductivity function in the range u ∈ (0, 1) with
both quantities normalized by their maximum values
in the reference solution. ODIL with Newton demon-
strates the fastest convergence, which only takes 11
iterations to achieve an error of 5% for the conductivity
function. ODIL with L-BFGS-B takes 4000 iterations to
achieve the same error. Then, mODIL converges faster
than ODIL, taking 1500 iterations, and in more regu-
lar way compared to ODIL, e.g., the conductivity error
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Fig. 8 Inferring body shape from velocity measurements
in three dimensions using mODIL. The reference shape is a
sphere. a Body shape and contours of vorticity magnitude
inferred from velocity in 171 points (red dots). b Body shape
and contours of vorticity magnitude inferred from veloc-
ity in 684 points (red dots). c Reference body shape and
contours vorticity magnitude. d–f Convergence history of

mODIL with L-BFGS solving the inverse problem with 684
points , inverse problem with 171 points , and
the forward problem , showing the square root of the
loss function, RMS error in the velocity field, RMS error in
the body volume fraction normalized by the reference vol-
ume

monotonically decreases, while ODIL passes through
solutions with a rapidly increasing error. Therefore,
the multigrid decomposition regularizes the solution. In
contrast, PINN converges significantly slower, achieving
an error 5% after 100,000 iterations. The corresponding
execution time on one CPU core amounts to about 10 h
for PINN, 125 s for ODIL with L-BFGS-B, and 120 s
for ODIL with Newton. Consistent with our previous
observations, ODIL takes fewer iterations than PINN
and each iteration is cheaper, which results in two-three
orders of magnitude lower computational cost overall.

3.5 Inferring body shape from velocity

Here, we consider a three-dimensional inverse problem
of inferring the shape of a body from measurements
of the flow velocity around the body. The model con-
sists of the steady-state Navier–Stokes equations with

penalization terms to impose the no-slip conditions on
the body [36]

∇ · u = 0,

(1 − χ)
(
(u · ∇)u + ∇p − D

Re∇2u
)

+ λχu = 0,
(14)

where λ is a penalization parameter and D is a char-
acteristic length of the body. The shape of the body is
described by the body fraction χ(x) which takes values
χ = 1 inside the body and χ = 0 outside. The problem
is solved in the domain [0, 2] × [0, 1] × [0, 1] with the
inlet condition u = (1, 0, 0) at x = 0, outlet condition
p = 0 at x = 2, and free-slip walls on the other bound-
aries. This setup describes the flow past a body in a
channel confined by free-slip walls. The discretization
follows Sect. 3.3. The forward problem is to find the
velocity u and pressure p that satisfy equations equa-
tions 14 given a prescribed body fraction χ. The inverse

123



Eur. Phys. J. E           (2023) 46:59 Page 11 of 13    59 

Fig. 9 Inferring body shape from velocity measurements
in three dimensions using mODIL. The reference shape is a
hemisphere. a Body shape and contours of vorticity magni-
tude inferred from velocity in 171 points (red dots). b Body
shape and contours of vorticity magnitude inferred from
velocity in 684 points (red dots). c Reference body shape

and contours vorticity magnitude. d–f Convergence history
of mODIL with L-BFGS solving the inverse problem with
684 points , inverse problem with 171 points ,
and the forward problem , showing the square root of
the loss function, RMS in the velocity field, RMS error in the
body volume fraction normalized by the reference volume

problem is to find the velocity u, pressure p, and body
fraction χ that satisfy equations equations 14 such that
the velocity field takes known values u(xi) = ui in a
finite set of N measurement points xi for i = 1, . . . , N .

To solve the inverse problem using ODIL, we formu-
late it as minimization of the loss function in terms of
the unknown fields: velocity u, pressure p, and body
fraction χ̂. Here, χ̂ is a transformed body fraction
defined as χ = 1/(1 + e−(χ̂+5)), so that during the
optimization the body fraction χ only takes values
between 0 and 1. The loss function is a sum of the
residuals of equations 14 and terms to impose the ref-
erence data. The penalization parameter is set to λ = 1.
The problem is solved on a 129 × 65 × 65 grid, and the
reference data are obtained from the forward problem.
The characteristic length of the body is taken to be
D = 0.4, and the Reynolds number is Re = 60. To solve
the optimization problem, we use L-BFGS [37] imple-

mented in TensorFlow Probability [38]. To accelerate
the convergence, we apply the multigrid decomposition
with L = 6 levels. The initial guess is u = (1, 0, 0) for
the velocity, p = 0 for the pressure, and χ̂ = 0 for
the transformed body fraction. According to the above
transformation, the corresponding initial guess for the
body fraction is χ = 1/(1+ e5). We terminate the algo-
rithm after 10,000 epochs for the forward problem and
20,000 epochs for the inverse problem.

Figures 8 and 9 show the results of the inference from
684 and 171 measurement points for two different bod-
ies: a sphere and a hemisphere. The sphere is centered
at (0.5, 0.5, 0.5) and has a radius of 0.2. The hemisphere
is an intersection of the sphere and the set of points
{y < 0.5}. The convergence history includes the veloc-
ity error and the body fraction error which are defined
relative to the solution of the forward problem. For
both reference shapes, ODIL recovers a body shape that
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qualitatively agrees with the reference, although the rel-
ative error in the body fraction field amounts to 50%,
so the inferred body volume is larger. Using more mea-
surement points for the inference reduces the error. On
a GPU Nvidia A100, the forward problem with a sphere
takes 53 min in total and 320 ms per epoch, while the
inverse problem takes 122 min in total and 366 ms per
epoch. We note that solving the same inverse problem
on a finer grid of 257× 129× 129 points takes 132 min-
utes in total and 400 ms per epoch. Therefore, an eight-
fold increase in the number of grid points will lead to a
minor additional cost in the execution time of 8%, since
the GPU operates more efficiently with larger arrays.

4 Conclusion

We have introduced the multigrid decomposition tech-
nique that accelerates the convergence of gradient-
based methods for optimization problems that involve
discrete fields on a grid. The Multiresolution Optimiza-
tion of the discrete loss (mODIL) is based on a hierarchy
of successively coarser grids and extends significantly
the capabilities of the recently introduced ODIL (Opti-
mizing a DIscrete Loss) framework [10]. The multigrid
decomposition represents a discrete field as a sum of
fields interpolated from all grid levels, increasing the
number of parameters. This technique addresses the
issue of locality of gradient-based optimizers by extend-
ing the domain of dependence of each scalar parame-
ter so that information can propagate through the grid
faster. Gradients of the resulting loss function can be
computed using automatic differentiation, making its
implementation straightforward.

ODIL introduces a new modality in solving fluid
mechanics problems. Notable large-scale simulations of
the Navier Stokes equations (examples of recent works
include [39–41]) are based on of forward time marching
solutions using supercomputers with hundreds of GPUs
and billions or trillions [42] of computational elements.
Our current implementation is limited to computations
on one GPU on a grid of O(4 × 106) points. Extend-
ing our implementation to computations using multi-
ple GPUs is the subject of ongoing work. We note that
ODIL provides a “one shot” solution instead of time
stepping for solving fluid mechanics problems. In its
present form, ODIL requires large memory resources
and “replaces” time stepping with iterations of an opti-
mization.

We demonstrate the effectiveness of mODIL on a
variety of forward and inverse problems, including flow
reconstruction from sparse measurements. The multi-
grid formulation takes up to 10x fewer iterations to
achieve the same error, better avoids local minima,
and results in more regular convergence behavior. Our
results suggest that mODIL represents a state-of-the-
art method for solving 2D and 3D inverse problems in
fluid mechanics. Work is underway to extend mODIL
to inverse problems across different scientific fields.
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