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Available online 22 April 2016 sense. In this fractional setting and in contrast to the standard Adams methods, an

extra history load term emerges and the associated weight coefficients are t-dependent.
However when 7 =1, the developed schemes reduce to the well-known A-B and A-M

gfﬂifgji multi-step time integration methods with standard coefficients. Hence, in terms of scientific computing, our approach
Implicit-explicit (IMEX) scheme constitutes a minimal modification of the existing Adams libraries. Next, we develop an
Chemotaxis implicit-explicit (IMEX) splitting scheme for linear and nonlinear fractional PDEs of a
Fractional collocation general advection-reaction-diffusion type, and we apply our scheme to the time-space
Jacobi poly-fractonomial fractional Keller-Segel chemotaxis system. In this context, we evaluate the nonlinear

advection term explicitly, employing the fractional A-B method in the prediction step,
and we treat the corresponding diffusion term implicitly in the correction step using the
fractional A-M scheme. Moreover, we perform the corresponding spatial discretization by
employing an efficient and spectrally-accurate fractional spectral collocation method. Our
numerical experiments exhibit the efficiency of the proposed IMEX scheme in solving
nonlinear fractional PDEs.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

The directed movement of cells and microorganisms in response to a diffusible chemical signal is referred to as chemo-
taxis [1]. Historically, the first mathematical model of chemotaxis was proposed by Evelyn Keller and Lee Segel in order to
investigate the aggregation dynamics of the social amoeba Dictyostelium discoideum [2]. The model consisted of a nonlinear
parabolic system of partial differential equations and is commonly referred to as the Keller-Segel model.

The Keller-Segel model has been analyzed extensively in the last three decades. A comprehensive review of mathematical
results on dynamics, existence of solutions, and regularity can be found in the two articles by Horstmann [3,4]. It is well
known that in one dimension the Keller-Segel model is well-posed globally in time [5-7]. However, several results that
appeared in the 1990s have demonstrated that in higher dimensions, the Keller-Segel model is well-posed only for “small”
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initial data [8-10]. In the presence of “large” initial data, the solutions blow up; in other words, they do not remain bounded
[11,12,5,13]. Corrias and Perthame [14] showed that in d dimensions, the Keller-Segel model is critical in L%2, which is to
say that the “smallness” or “largeness” of the initial data is determined in terms of the L%2 norm. Similar conditions were
derived in [15] for a parabolic-elliptic variation of the Keller-Segel model.

Recent literature has also investigated the influence of substrate heterogeneity on the dynamics of the model. Specifi-
cally, Matzavinos and Ptashnyk [16] have investigated the one-dimensional Keller-Segel model in the context of a random
heterogeneous domain. In [16], the diffusion and chemotaxis coefficients were assumed to be given by stationary ergodic
random fields, and the authors applied stochastic two-scale convergence methods to derive the homogenized macroscopic
equations. Matzavinos and Ptashnyk [16] also present numerical algorithms for approximating the homogenized asymptotic
coefficients.

The influence of substrate heterogeneity was also investigated in [17-19] by means of fractional calculus [20,21]. Inter-
estingly, Bournaveas and Calvez [17] have shown that the fractional one-dimensional Keller-Segel model exhibits dynamics
similar to the classical two-dimensional model. In particular, Bournaveas and Calvez [17] have shown that the solutions of
the fractional Keller-Segel model may blow up in finite time, even in the one-dimensional case. In view of these results,
the need to develop accurate numerical methods for the fractional Keller-Segel model is apparent.

A variety of numerical methods, originally developed for integer-order PDEs, are currently extended by several authors
to fractional partial differential equations (FPDEs) [22-25]. Traditionally, there has been a substantial amount of work in de-
veloping finite-difference methods (FDM) for FPDEs. The notion of discretized fractional calculus was originally introduced
by Lubich [26,27] and was employed by Sanz-Serna [28] in developing a first-order FDM algorithm for partial integro-
differential equations. Since then, a significant amount of work has been devoted to improving the convergence rates of
FDM schemes (see e.g., [29-32]).

Of particular interest is the work of Diethelm et al. [33,34], who developed and analyzed an Adams-Bashforth type
method. However, this approach consists of a two-step predictor-corrector method, which differs significantly from the
standard method, and it additionally requires a considerable modification of existing libraries. Moreover, the rate of conver-
gence is dependent on the range of the fractional order « [35]. Recently, Baffet and Hesthaven have developed high-order
local schemes, inspired by the multi-step Adams methods, for fractional differential equations in [36].

In addition to FDM schemes, Sugimoto [37] employed a spectral method to solve the fractional Burgers equation, and
Blank [38] adopted a spline-based collocation scheme for a class of fractional ordinary differential equations (FODEs). Li and
Xu [39,40] developed a space-time spectral method for a time-fractional diffusion equation with spectral convergence that
was based on the early work of Fix and Roop [41]. Subsequently, Khader [42] proposed a Chebyshev collocation method for
a space-fractional diffusion equation, while Piret and Hanert [43] developed a radial basis function method for fractional
diffusion equations.

The use of spectral methods in FPDEs has been precipitated recently. Various approaches for solving fractional boundary
value problems have been proposed, including a Chebyshev spectral method [44], a Legendre spectral method [45], and an
adaptive pseudospectral method [46]. Similarly, spectral methods for fractional initial value problems have been proposed,
including generalized Laguerre spectral algorithms [47] and Legendre spectral Galerkin methods [48]. It is well known that
long-time (and/or adaptive) integration using such spectral schemes becomes computationally intractable. To address this
issue, Xu and Hesthaven [49] and Chen et al. [50] have developed stable multi-domain methods for FPDEs. Moreover, a Jacobi
tau approximation method has been recently developed by Bhrawy and Zaky for solving multi-term time-space fractional
PDEs in [51].

A characteristic of these spectral approaches has been the use of standard integer-order (polynomial) basis functions.
Recently, Zayernouri and Karniadakis [52,53] developed spectrally accurate Petrov-Galerkin schemes for both non-delay
and delay fractional differential equations. These schemes are based on fractional basis functions (i.e., basis functions of
non-integer order), which are termed Jacobi poly-fractonomials and were introduced in [54,55] as the eigenfunctions of cer-
tain fractional Sturm-Liouville operators. A space-time discontinuous Petrov-Galerkin (DPG) method and a discontinuous
Galerkin (DG) method for the time-space fractional advection equation were also introduced in [56]. In [57], Jacobi poly-
fractonomials were used to define a new class of fractional Lagrange interpolants. These were subsequently employed to
numerically solve various FODE and FPDE problems, including multi-term FPDEs, the space-fractional Burgers equation, and
variable-order problems [57,58].

The main contribution of the present work is to develop a fractional class of explicit Adams-Bashforth (A-B) and implicit
Adams-Moulton (A-M) methods of first- and second-order accuracy for the time integration of FODEs and FPDEs. Our
approach seamlessly generalizes the existing family of Adams schemes and requires a minimal modification of the existing
Adams libraries, i.e., modifying the weights and adding a history calculator. We obtain the history load exactly up to the
accuracy of the scheme via hyper-geometric functions. Moreover, we develop an implicit-explicit (IMEX) splitting scheme
for the time-space fractional Keller-Segel chemotaxis system of FPDEs. Even though, the focus of this paper is the fractional
Keller-Segel system, our IMEX approach is also applicable to other linear and nonlinear FPDEs.

The paper is organized as follows. We first provide some preliminary definitions from fractional calculus in section 2. In
section 3, we present our general (fractional) explicit Adams-Bashforth and implicit Adams-Moulton methods for perform-
ing time-integration of time-fractional problems. Next, in section 4, we develop a spatial discretization scheme by employing
a fractional spectral collocation method. In section 5, we introduce our implicit-explicit (IMEX) time-splitting approach and
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apply it to the nonlinear, fractional Keller-Segel model of chemotaxis. Numerical tests on the convergence of our method
are presented in section 6. Finally, conclusions and remarks are made in section 7.

2. Definitions

Before defining the problem, we provide some preliminary definitions of fractional calculus following [20,21]. The left-
sided Riemann-Liouville integral of order w € (0, 1) is defined as

1 [ fed
(xLI)ﬁt)f(x) = F(M) / (xf_(i))ls—u s, X>X[. (1)

The corresponding inverse operator of (1), i.e., the left-sided fractional derivative of order , is then defined as

0 a —p 1 d A f(s)ds
(o P&V o) = %& NW=ra—wa] wowi 2)

XL

An alternative approach in defining fractional derivatives is to begin with the left-sided Caputo derivative of order u € (0, 1),
which is defined as

uf 1 [ fls)ds
)(X) ra—w ) Gosi’ X > X[. (3)

XL

WX = I

The definitions of the left-sided fractional derivatives of both Riemann-Liouville and Caputo type are linked by the following
relationship, which can be derived by a direct calculation

Fxp)
F1—w)x—x)*

ol f(x) = + (S D HX). (4)

3. Explicit and implicit time-integration

We first consider a fractional-order problem of the form
Cofut)=g(t;u), Te(0,11,te(0,T], )
u(x,0) =uo,

where g(t; u) could, in general, involve a spatial operator subject to some appropriate boundary conditions. By the definition
of the Caputo fractional derivative, we have

t
1 Uds
C T as k C T
Diu= = H"(t DU, 6
o=t [ e = O+ ) ©)
0
au o
where H¥(t) = F(] 3 f (t'fs),. Moreover,
L DFu = DF (U — up + wp) = ¢ DF (u — ug) = REDF (u —uy), )

since (u — uy) vanishes at t =t and using (4). Next, by substituting (7) and (6) into (5), we obtain
Rlofut) =g(t;u) — H*®), 1€(0,1], te(,Tl. (8)

Applying the inverse operator Rtf IF () to (8) and evaluating at t = ty4q, we obtain:

U1 — Uy = [Rtﬁ I g(t; u) — 9{"]’ . T€(0,1], (9)

t=tgq

where #* = R[”; 1F (H*) will be referred to as the history load term in what follows.
In the next section, we introduce fractional generalizations of the Adams- Bashforth (A-B) and Adams-Moulton (A-M)
methods through, respectively, an explicit and an implicit extrapolation of the term % It g(t; u).
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Table 1
T-dependent coefficients of the generalized (fractional) Adams-Bashforth method.
Bi J=0 J=1 J=2
AB 1 1 1 1 3/2 1
Bo T+0) o T e [‘(1+7:) + e T e
pAB 0 —1 S
1 T2+ T <2+z) T <3+r>
pas 0 0 12

o t e

3.1. Fractional Adams-Bashforth method

In this method, we apply a time-extrapolation of the right-hand side g(t; u) to the interval [ty, ty;+1] in terms of standard
Lagrange interpolants and using “past” grid points in the following manner:

J
gt;uy~ Y gt js wlj), (10)
j=0
where gy_j = g(t,_j; u(ty—j, x)) and

N

Lj(t)znﬂ. (11)

=0 bg—j — k—i
i#]

Hence, we obtain

Ry gy~ ] f 1o 8k jLi(s)ds
t°t ’ F(‘L’) ; (tk+l _5)171
k

J
=AD"y BPaj,
j=0

where ﬂ]’.w are the 7-dependent coefficients given in Table 1. Hence, we obtain the fractional A-B method as

J
U1 — Uk L 1
(AD)T Z "8 (AD)T . (12)

3.2. Fractional Adams-Moulton method

We can alternatively “interpolate” g(t; u) between t; and ty4q in terms of the following Lagrange interpolants

gtu) ~ Y gty js WL, (13)
j=0

where giy1-j = g(tk+1—j; U(tky1—j, X)) and

N

Lj(t)znw. (14)
1o tet1—j = Lk
i#]

Therefore, we obtain

fk+1

8ry1-jLj(s)ds
I[g(t u) ~ / j = (_]1—r
I'(7) (tke+1 —$)

= (AD° Zﬂf“gk+1_ i

i=0
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Table 2
t-dependent coefficients of the generalized (fractional) Adams-Moulton method.
Bj J=0 J=1 J=2
AM 1 1 1 1
) T{+0) e+ T T TG
pAM 0 1 _1 14 _=2
1 Ti+o) ~ Te+o Td+r) ' TG+
AM —1 1
B 0 0 e T e

where the coefficients /SJAM are T-dependent and are given in Table 2. Hence, we obtain the generalized A-M method as

J

U1 — Uk 1 K
_i— HE. 15
(AD)T Z(; Vi) (ADT (15)

Remark 3.1. We note that the generalized A-B and A-M methods, given in (12) and (15), respectively, share the same history
load #*. Moreover, #* = 0 when the temporal fractional order T = 1; hence, we recover the standard A-B and A-M methods.
3.3. Computation of the history load #*

We recall that the history load term is given by #* = R IF (H¥), where

tit1
u -1t 8u
o5ds 55 ds

Ry 1 _ /
H® = rai—-t)) t—=srt 1“(1—1)Z (t—s)f
0

In order to approximate %—;’ in [tj,tj41], we employ two interpolation methods to approximate the solution u(t, -).

3.3.1. Linear interpolation of u(t, -)
The linear interpolation of u leads to a second-order approximation of the solution in [t},t;;1] and leads to

k k 1 k1 Ujy1 —Uj o ds
H(t)%H,(t)ZF(l_T)jZO( o )/ Y
j
1 = Uji1 —Uj g
=fe-p ;O( GO,

where G}(t) =(t—t))"77 — (t —tj4+1)' 7. Hence,

k(e o ark 1 Ujy1 —
HO > H O = 55— t)Z(

= SI)RL T (cj.(t)).

By evaluating both sides at t;,1, we obtain the corresponding history load as

k—1 L1
gk gk = r(f)rl(z — Z(Uj-‘r]At_ uj) [ / (tep1 — )7 (s — £)' " ds
j=o o
et
= f (tesr =97 (s — t41)!ds),
tk

which can be written as

ko ark 1 Uj+1 —Uj o
ﬂwfl—r(t)r(z_r);( D) = A ] (16)
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where 4 = ftik“ (teg1 — )T (s — tj)1‘fds. The latter is obtained analytically in terms of the following hypergeometric
functions:

_n° 1-t| _ _ ;
j:! O (- )T -t - DR T )] 0 <k a7

—(At)(t — Dmcsc(rT), j=k.

Therefore, the history load }[,k is computed exactly in terms of 4; up to the discretization accuracy of the first derivative
of the solution, i.e., %
3.3.2. Quadratic interpolation of u(t, -)
According to standard approximation theory, a third-order approximation of u(t, -) in [t;, t;11] yields
t—t; t—tj 1 t—tj1 t—tj1
)+ uj( )(
tiv1—tj tj41—Etj— t‘—tj_H tj—tj—

u(t, ) ~ujr(

—tj+1 t—t;

+u] ‘]( )
f] 1= Ljp L=t

where by taking the first partial derivative with respect to time we obtain

9%u

du _ sou
E ~ <§)|t:tj+1/2 + <F)|t:tj+1/2 (t - tj+1/2)-

The latter expression yields a higher-order approximation of
Therefore,

au

5f to be employed in the calculation of the history load.

1 k=1 tf+1[(8_u)|s_t, + (ﬂ)h—tv (S—t'.H/z)]ds
ki ~ gk _ 9s ) 15=tj+1/2 952 ) Is=tjt1/2 j
H'®)~Hj;(t) = ——— E

F(l—‘[)j] (t—9)T
=17

;’)5 |S tl/zds
F(l —-T) / (t—s)°

where we employed the previously obtained lower-order approximation in [0, t1] corresponding to j = 0. Hence,

k—1 e

ko1 U1+1—“1f
Hp @) = ra T)Zo( (t—s)f

k—1 et

1 3%u (s—tjs12)ds
Tai-o ;(W)“:”W (t—s)T

tj

k—1
—2uj+ujq

Y 1 Ujt1 1\l
=M roTre o ;( (A2 )Gf ®. (18)

in which the first term is associated with the linear representation of u(t) and the second term in (18) denotes the correc-
tion for obtaining a higher-order accuracy. Moreover, G}’ (t) is given by

At _ _ 1 _ _
O [ R G L B [ S e (R (19)
Accordingly, the corresponding load vector is obtained as
K~ qrk RL k
H*~ Hyy = tkltz-HHII(t)

k—1
1 Uj 2ui+uj
RL ;T k j+1 — aUj J—1\RL Ifi
—RLyT ke ( ) Gl 20
A ,<)+F(I)F(2_T); L £ GO (20)

which can be written as
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Table 3
Fractional Adams-Bashforth time-integration of the gﬂfu(t) = f(t) subject to homogeneous initial conditions. (Upper table): fractional A-B (J = 0), where
the exact solution is u® =t¥, (middle table): fractional A-B (J = 1), where u®* =17, and (lower table): fractional A-B (J = 2), where u® =t>*7, Here,

the simulation time is T=1 and f(t) = r:ﬁri%tf, where ] =0, 1, and 2, respectively.
Fractional A-B, | = 0, (s ~ 3} )
At T=1/10 Order T=1/2 Order T=9/10 Order
1/8 0.823385 043 0.388225 0.88 0.261049 1.00
1/16 0.613304 0.55 0.211394 0.92 0.129804 1.00
1/32 0.416202 0.70 0.111384 0.96 0.064746 1.00
1/64 0.255626 0.82 0.057415 0.98 0.032357 0.999
1/128 0.144731 0.90 0.029210 0.99 0.016188 0.998

: k gk
Fractional A-B, | =1, (3" ~ 7} )

At T=1/10 Order T=1/2 Order T=9/10 Order
1/8 0.229075 1.65 0.0517457 1.91 0.029365 1.975
1/16 0.073136 1.83 0.013736 1.96 0.000747 1.993
1/32 0.020521 1.90 0.003527 1.978 0.001876 1.998
1/64 0.005516 1.91 0.000895 1.984 0.000469 1.999
1/128 0.001473 1.93 0.000226 1.998 0.000117 2.00

: k o gk
Fractional A-B, | =2, (4" ~ 7} )

At T=1/10 Order T=1/2 Order T=9/10 Order
1/8 0.088115 2.72 0.017732 2.92 0.010759 292
1/16 0.013366 2.76 0.002345 2.99 0.001423 2.98
1/32 0.001969 2.78 0.000294 3.05 0.000180 3.02
1/64 0.000286 2.90 0.000035 312 0.000022 3.09
1/128 0.000038 291 4.06 x 1076 3.20 2.60 x 1076 3.22

HE i = A
k-1
1 3 (uj+1 —2u; +uj—1)[_ At(Ay j + A j+1) S $k,j+1]

rore-r) P (AL)? 2 2-71

N (21)

where B = fti"“ (tgp1 — )" (s — tj)szds. The latter is computed exactly in terms of the following hypergeometric func-
tion:

_(ADT (Gt T [ At ] ;
T (k1)) 2F1(17371+T, fk+1*fj) s O§J<k

Brj = (22)
—%(—Z—kr)(t—l)csc(nt), ji=k.

Finally, we note that B; is constructed only once.
3.4. Numerical tests for the fractional A-B and A-M methods

In Table 3, we examine the performance of the fractional A-B scheme at different values of J =0, 1, and 2, and for
different temporal orders 7. The equation Si){u(t) = f(¢t) is solved subject to homogeneous initial conditions. In the upper
table, we present the fractional A-B method with J =0 and #* ~ }[,". The exact solution in this case is given by u® =t7.
In the middle table, we present the fractional A-B method with J =1 and #* ~ }[,’j considering u®’ = t1*7_ In the lower
table, we demonstrate the performance of the fractional A-B method when J =2, #* ~ :7{,", and u® = ¢2*7_ The simulation
time is T =1 in all cases, and all errors are computed using the L° norm at the final simulation time. The specified
exact solutions correspond to the forcing terms f(t) = F{l(}ri’—%t} for | =0, 1, and 2, respectively. These specific choices
of exact solutions are made to illustrate the minimal smoothness requirements in each case. Interestingly, we observe a
“r-independent” first-, second-, and third-order of accuracy when | =0, 1, and 2 respectively. In other words, the numerical
evidence suggests that the fractional A-B method not only generalizes the standard A-B method, but it also preserves the
traditional order of accuracy of the A-B methods originally developed for integer-order systems.

In a similar fashion, we examine the performance of the fractional A-M scheme with different values of J and for
different choices of T in Table 4. We keep the setting as in Table 3 to experimentally observe the order accuracy associated
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Table 4
Fractional Adams-Moulton time-integration of the COD[’u(t) = f(t) subject to homogeneous initial conditions. (Upper table): fractional A-M (J = 0), where
the exact is solution u® =7, (middle table): fractional A-M (J = 1), where u® =¢!*7, and, (lower table): fractional A-M (J = 2), where u® = t?+7, Here,

the simulation time is T=1 and f(t) = lﬂﬁﬂji%tf, where ] =0, 1, and 2, respectively.
Fractional A-M, ] =0, (#* ~ 3} )
At T=1/10 Order T=1/2 Order T=9/10 Order
1/8 0.566053 1.82 0.186798 132 0.146284 119
1/16 0.1602418 1.51 0.074632 115 0.063814 1.09
1/32 0.056163 1.28 0.033644 1.07 0.029979 1.04
1/64 0.022971 115 0.016002 1.03 0.014544 1.02
1/128 0.010352 1.07 0.007710 1.02 0.007161 1.01

Fractional A-M, | =1, (#* ~ 2% )

At T=1/10 Order T=1/2 Order T=9/10 Order
1/8 0.051728 2.09 0.037242 2.06 0.031385 2.05
1/16 0.012254 2.02 0.008879 2.03 0.007565 2.02
1/32 0.003004 1.97 0.002171 2.01 0.001859 2.01
1/64 0.000765 1.93 0.000537 2.006 0.000465 2.007
1/128 0.000200 1.94 0.000134 2.00 0.000114 2.00

Fractional A-M, | =2, (#* ~ 2% )

At T=1/10 Order T=1/2 Order T=9/10 Order
1/8 0.012274 3.00 0.010341 2.94 0.009544 2.92
1/16 0.001528 2.95 0.001351 2.88 0.001260 2.82
1/32 0.000197 2.93 0.000184 2.83 0.000177 2.70
1/64 0.000026 2.91 0.000026 2.78 0.000027 2.57
1/128 3.45x 1076 2.90 3.74x 1076 274 4,57 x 1076 243

with different J's. Again, we observe a t-independent first- and second-order of accuracy when | =0 and 1. However, our
results show a t-dependent accuracy of less than third order when J =2 in contrast to the fractional A-B scheme. This
simply highlights the need for a higher-order approximation of the history term, which turns out to be inefficient in terms
of computation cost. We remark that the numerical experiments discussed in this section where chosen so that the J-th
derivative of the exact solution for | =0, 1, and 2 vanishes at t = 0 respectively in each of the methods tested.

4. Spatial discretization via fractional spectral collocation method

In this section, we discuss the spatial discretization of the fractional PDEs that we solve in sections 5 and 6; see equations
(34) and (38). In order to efficiently discretize the spatial terms, we employ a fractional spectral collocation method (FSCM),
recently developed in [57], which is based on the spectral theory of fractional Sturm-Liouville problems (FSLP), developed
in [54]. To this end, we define a set of interpolation points {x;};_; on which the corresponding Lagrange interpolants are
constructed. Moreover, we require the residual to vanish on the collocation points, which coincide with the interpolation
points {x;}} ;.

4.1. Fractional Lagrange interpolants (FLIs)

We represent the solution at time t;, in terms of non-polynomial fractional basis functions, known as Jacobi poly-
fractonomials, which are the explicit eigenfunctions of the FSLP of first kind, given by

Ot =1 +0"P " @), xel-1,1], (23)

where P, ks 1‘“ (x) denotes the Jacobi polynomial of degree n — 1 and parameters —ut and . The left-sided fractional deriva-

tive of (23) is given analytically as
C+pw)
o/ (V3 00) = DB o, 24
1% n() F(n) nl() ()

where P,_1(x) denotes a Legendre polynomial of order n — 1. In our FSCM spatial discretization, we represent the solution
at the time t; via the following poly-fractonomial nodal expansion as

N
un(x, ) = Y un(xj, i) bl (0, (25)
j=1

where the functions hﬁ.‘ (x) denote the fractional Lagrange interpolants; these are all of fractional order (N 4+ u — 1) and are
constructed using the aforementioned interpolations points —1=x; <x <---<xy =1 as:
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N
X— X1 \M X — X .
Ww=(—-) TT(-—=5) 2=i=N-1. (26)
J Xj — X1 Xj — Xk

k=1

kj
Because of the homogeneous Dirichlet boundary conditions in (34) and (38), we only construct h?(x) for j=2,3,---,N
when the order v of the fractional diffusion term is such that v € (0, 1), and we set uy(—1) = 0. Moreover, when v € (1, 2),

there are only (N — 2) fractional Lagrange interpolants hﬁ‘ (x), j=2,3,---,N—1, since we impose uy(+1) =0.

4.2. Spatial differentiation matrices D° and D'*°, o € (0, 1)

We note that FLIs satisfy the Kronecker delta property h;‘ (xx) = 8, at interpolation points, and they vary as a poly-

fractonomial between the interpolation points. With each FLI, we associate fractional differentiation matrices D° and D+,
o € (0, 1), which are obtained as follows:

N n—1
l .
Df= = D Al D b+ DT (27)
X+ DE T et
and
1 n—1
i = —M[Zﬁn > bug@+p—0) G+ DT, (28)
X+ DELIT o

in which [0 — ] denotes the integer ceiling of o — i, and
1 — — r 1
bug = =11 e (7 ”") O P (29)
2 q n-1-q)T@+pn-o+1)

We remark that the coefficients are obtained only once through the following poly-fractonomial expansion

]ﬂ[(;]_xk) ZﬂnP " (x) (30)

k=1

k#j

and can be computed efficiently since the Jacobi polynomials P, _”1“ (x) are orthogonal with respect to the weight function

w(x) = (1 —x)7#(1 4 x)*. Hence, taking the polynomial p;(x) = 1_[1,;’:1 (%) the coefficients ﬂn are given exactly by the
k]
following Gauss-Lobatto-Jacobi quadrature rule:
1

S
B = ; /W(X)p](x)P Hodx (31)

-1

— qup](xq)Pn T (xg),
q 1
where {xq} —; and {wq} _, are the associated quadrature points and weights corresponding to the Jacobi weight w(x);
moreover, A, denotes the orthogonality constant of the Jacobi poly-fractonomials given by A, = 2/<2—1 W We re-
mark that the coefficients Brj; are given exactly by the Gauss-Lobatto-Jacobi quadrature rule when Q > (N — 1) + 3/2.

Remark 4.1. When o = u (the interpolation parameter), the above differentiation matrices are simply obtained as

n Fn+w j ,
Dij (Xj-i-])“ Z T(n) Bn Pn—1(xi) (32)

n=1

and

N
e _ 1 iffa+mwn ;4
P = e Eﬂ"[ ORI 0] (33)
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Table 5
Convergence study of the spatial operators. Here, u (x) = (21/6(1 4+ x)4+1/3 — (1 4+ x)4*1/2),
n=1/10
N REdue) = f(x) Repfiuto = f(x) Repe P u) = f(x) RepdtHu) —u) = f(0)
3 0.0143673 0.0175926 3.88583 0.368123
7 0.0000103311 0.0000106009 0.0000947525 0.000594943
11 2.31x 1078 2.306 x 1078 418 x 1077 2.27 x 1076
n=1/2
N REtue = f&) Repfiu@o = f(x) Repu) = f() Rep P u) —u) = f(x)
3 0.043334 0.102084 0.866727 0.346067
7 0.00009786 0.0000794 0.0002552 0.00141853
11 1.54 x 1076 9.1 x 1077 5.8 x 1076 0.00002033
w=9/10
N REgtue = f() R pfu) = f(x) Rl ux) = f(x) Rpg P u) —u) = f(x)
3 0.0528279 0.209984 0.423576 0.263411
7 0.000078243 0.0000256864 0.000969232 0.00179444
11 3.81x 1076 7.43 x 1077 0.0000430498 0.0000925764

As the collocation/interpolation points, the roots of _1Q),’f [“%Pﬁ(x)] that represent the (fractional) critical points of the
Jacobi poly-fractonomial functions lead to the fastest rates of convergence and minimal condition number of the resulting
system.

In order to demonstrate the spectral accuracy of the corresponding spatial discretization, we have performed a con-
vergence study of the spatial operators for the following three differential problems: *triu(x) = f(x), R ofux) = f(x),
_Rgl),}“‘ u(x) = f(x), and _R%l),}“* u(x) — u(x) = f(x). In each problem the reaction term f(x) was chosen so as the exact
solution is given by u®(x) = (21/6(1 + x)*+1/3 — (1 4+ x)**+1/2). The accuracy of the method for each problem is shown in
Table 5.

5. Fractional-order splitting scheme: semi-discrete form

We consider a time-space fractional PDE of the form:

oDfux, t) = (NS + LHux, t) + Fu), xe[-1,1], (34)
u(x,0) =h(x),
u(£1,t) =0,

where 7, 0 € (0,1], @ € (1,2]. Moreover, A’ u represents a nonlinear (e.g., convective) differential operator. L& denotes
a linear (e.g., diffusive) operator, and F(u) is the corresponding reaction term. Equation (34) should be compared with
equation (38) in the following section. In the semi-discrete form, we evaluate the nonlinear and reaction terms “explicitly”
by employing the fractional explicit A-B method, see (12), while we treat the corresponding diffusion term “implicitly” using
the fractional A-M scheme in (15) as

U(X, tgpq) — u(x, ty)
(AD)T

B[ oue, b ) + Flute b )] 35)

J
=25
Jj=0
J k
H
+ Y BM LI U 1) — ———
; (Af)
j=0
We recall from Remark 3.1 that the corresponding history load terms in the A-B and A-M methods are identical. Next, we
split (35) in the following fashion: (i) in the prediction step, we keep the nonlinear and reaction terms to explicitly obtain
an “intermediate” solution up(x, ty4+1) while ignoring the diffusion term:

}[k
(ap®’

Up (X, tgp1) — (X, t
(AD)T

J
) DB ue ) + Fu b)) - (36)
j=0

and (ii) in the correction step, we include the diffusion term to implicitly solve for the (corrected) solution at the new
time-step i1 as
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UX, tgp1) — up(X, tegr)
(AD)T

J
=Y BMLdux, tig1j). (37)

Here, we choose the order of discretization (i.e., J) in the prediction A-B and correction A-M steps to be the same (i.e.,
J=3).

In the following, we employ the splitting scheme of (36) and (37) in the context of the time- and space-fractional
Keller-Segel chemotaxis system.

5.1. Fractional Keller-Segel chemotaxis system

We consider the following time-space fractional Keller-Segel model:

SoFuee ) = —Ke_y ol [u_ 2 con 0|+ Ky o u+ fx G w, (38)
u(x,0) =h(x),
u(E1,6 =0

in which 7,0, u, and B € (0, 1). Equation (38) is coupled to the following elliptic fractional (in space) equation of order
y e(1,2):

Ke D) C(x,t) = —u(x,t) (39)
Cc(—=1,t)=0
9
9c —0
9x x=—1

The corresponding fully discretized problem is obtained by collocating (38) on the collocation points {x,}N

the differentiation matrices in (32) and (33) as

; and employing

) (tgq) — U(ty) o ) )
%ﬂ’k KCZﬁ ? [0 (diag i) DP Cltn ) + F@ite- ) |
7k
* KZﬁJA "D Gt ) — (Z[t)f’ (40)
j=0

where u denotes the solution vector at the interpolation points and diag{u(t;_ j)} represents a diagonal matrix whose
entries are the components of the solution vector u at the time step ty_;. In order to decouple (38), at each time-step t;
we use (25) to obtain

N
Ke 1 DY C(x, ti) = —u(x, ty) = — Y u(xj, th’ (%)
j=1

1
= —Zu(x],m( TP Zﬁn(l +x0"P 1 0

j=1

N GG ) J(1) pht
Z((X H)Mzﬂn 7' (1),

Since W&l (—1) =0, we directly obtain 1 Q)f C(x,t) by applying the inverse operator i.e., a fractional integration of order
n=y—-B€(0,1)as

B _ u(xj, t) i) i
Lofot = - Z((x H)MX;‘ﬂn_ux[ 2] (41)

where I/ [(1)1# (x)] is derived exactly as

L+ v
1) pH n+u M n, k+n
W[V o] = r g T (). (42)
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Table 6

IMEX simulation of Keller-Segel chemotaxis system subject to homogeneous initial/boundary conditions. The parameter values used are given by u =0 =
B=4/7,y =1+4/7, also K=10"> and % =10"4. We consider the exact solution to be u(t, x) = sin(t3+1/2)(21/6(1 + x)4+1/3 — (1 + x)3+1/2) with the
simulation time T = 2.

At T=1/10 Order T=1/2 Order T=9/10 Order
1/16 0.38225007 1.93 0.38074322 1.70 0.50777938 1.82
1/32 0.10051565 2.06 0.11783198 2.0 0.14348360 214
1/64 0.02416292 2.06 0.02946394 210 0.03259522 2.21
1/128 0.00580067 2.03 0.00687303 218 0.00699726 2.35
1/256 0.0014200 1.97 0.00151012 2.36 0.00137238 2.8
1/512 0.00036249 * 0.00029442 * 0.00019696 *
Table 7

IMEX simulation of Keller-Segel chemotaxis system subject to homogeneous initial/boundary conditions. The parameter values used are given by u =0 =
B=4/7,y =1+4/7, K=10"3, and K= =10~%. We consider the exact solution to be u®(t, x) = t7 sin(t) exp(—26)[2"/6(1 + x)**1/3 — (1 4 0)>+1/2], where
T €(0,1) is the temporal derlvatlve order and the simulation time T = 2.

At T=1/10 Order T=1/2 Order T=9/10 Order
1/16 0.00090994 118 0.01015426 177 0.03877761 2.04
1/32 0.00040271 2.02 0.002987301 2.35 0.00939105 2.25
1/64 0.00009962 2.41 0.00058501 2.37 0.00196767 211
1/128 0.00001880 2.48 0.00011303 2.20 0.00045476 2.03
1/256 3.37 x1076 2.43 0.00002458 212 0.00011098 2.03
1/512 6.26 x10~7 * 5.63 x1076 * 0.00002702 *
We note that the enforcement of dC/dx =0 at x = —1 is guaranteed by the construction of the fractional Lagrange inter-

polants in (25). Hence, by plugging (42) into (41), we obtain at each time step t; the coupling term 71@,’3 C(x,ty) in (40)
as

D C) =~ 3§ DOy e priniengy (43)
e Ke <= (¢ + P =T+ e+ 1) '

Next, by evaluating 117x C(x,t) at the spatial collocation points {x;}}¥ ., we explicitly obtain the i-th entry of D? ¢ at the

time-step tj as

i=1

N
1
71@)1?6‘(’(1’7 t) = e ;{Hn}iju(xj, tr), (44)

or equivalently in the matrix-vector product form,
- 1 _ .
D ¢ = —T"u(ty). (45)
Ke

Here, 1" represents the “fractional integration matrix” the entries of which are obtained as

T(n+ ) N
me.. J AN+ K=1 1+
i = SR+ +1)M Z F(n+,u+17)( xRy ). (46)

We note that 1" is constructed only once and is used in each time-step. By virtue of (45), the splitting method is decoupled
in the prediction step as

U (1) — U(ty) K
e Zﬂ’“’[n“ (diag (@it )M + f (@it |
(AL)T K pars
ark
- (47)
(At)*
which is followed by the corresponding correction step as

- - J
u(tps1) — Up(tes1) .

+ G2 e > BMD T Gty ). (48)

(AL)T =
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6. Numerical tests

We have examined the IMEX splitting method by solving the system of equations (38) and (39). The results of two
distinct numerical experiments are shown in Tables 6 and 7. In both experiments, 0 = 8 =4/7 and y = 1+4/7. In addition,
we have chosen K =102 and fg—z =10"%. We remark that the parameter regime in these experiments is consistent with
various applications of the Keller-Segel model where K, is usually much larger than K. and K [59]. The source term in (38)
has been chosen so that the exact solutions are (i) u¢ (t, x) = sin(t3+1/2)(21/6(1 + x)*+1/3 — (1 + x)3+1/2) in Table 6 and (ii)
u®t(t, x) = tT sin(t) exp(—26)[21/6(1 + x)4t1/3 — (1 + x)3+1/2] in Table 7.

While the spectral accuracy of the spatial discretization has been already tested in Table 5, here we keep the poly-
fractonomial order N = 16 and perform a time-grid refinement. In this simulation, we employ the A-B and A-M methods
corresponding to J = 1, which leads to an observable second-order of accuracy in time. Our experiment showed that em-
ploying higher-order A-B and A-M methods, corresponding to | = 2, would not help increase the accuracy. This can be
explained by the splitting error introduced by the method.

7. Summary and discussion

In this work, we generalized the first- and second-order accurate standard Adams schemes to a fractional class of explicit
Adams-Bashforth (A-B) and implicit Adams-Moulton (A-M) methods for time-fractional problems. In this approach, we
obtained the corresponding weight coefficients as t-dependent, which reduced to the well-known A-B and A-M methods
with standard coefficients when 7 = 1. In addition, we obtained the history load exactly up to the accuracy of the scheme
via hyper-geometric functions. We remark that most of the existing finite-difference methods for fractional differential
equations are designed around an implicit discretization of linear FODEs/FPDEs. The use of these methods in the context of
IMEX methods leads to at most first-order accuracy for general nonlinear problems, in which explicit treatment is needed.
In contrast, our approach consistently provides the proper explicit and implicit Adams schemes, preserving their first-order
(for ] =0) and second-order (for J =1) accuracy.

We further remark that in the case ] =0 our scheme appears to require only a t-th order Caputo derivative in order
for the method to be first order accurate. Similarly, as our numerical experiments indicate, second order convergence is
attained by our scheme when the exact solution has a (1 + t)-th order Caputo derivative.

Another important aspect of the present work is that our generalized family of Adams schemes can be easily imple-
mented on top of existing libraries by modifying the standard weights and adding a new history calculator. This is in
contrast to previous attempts to generalize these types of schemes for the fractional case [33,34]. Indeed previous general-
izations consisted of two-step predictor-corrector methods, which differ significantly from the classical Adams schemes and
require a considerable modification of existing libraries.

In this paper, we employed our generalized A-B and A-M methods to further develop an implicit-explicit (IMEX) splitting
scheme for linear and nonlinear FPDEs. We particularly examined the fractional Keller-Segel chemotaxis system, in which
the nonlinear advection term was evaluated explicitly by employing the fractional A-B formulation in the prediction step,
and then, the diffusion term was treated implicitly in the correction step using the corresponding fractional A-M method.
In order to discretize the spatial operator, a spectrally-accurate fractional spectral collocation method was employed.

The focus of the paper has been on the development of the numerical schemes and the numerical experimentation
that was indicative of the efficiency of the scheme. In future work, we aim to carry out the theoretical study including error
estimates and stability analysis of the present IMEX schemes. In addition, we aim to employ a strategy for treating data near
the lower integration limit in the time-fractional derivative in order to obtain higher-order schemes. Further improvement
of the presented schemes would make it possible to formulate more efficient methods to compute the history load term
H, in each time-step to achieve higher efficiency. This has the potential to further generalize the schemes developed in this
paper to higher-order methods.
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