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GOAL

Given and objective function in continuous 
domain

f : X ✓ Rn ! R

find
x

?

= argmax

x2X
f(x)



Black box scenario

  gradients are not available 

  non-convex 

  non-smooth 

  multimodal 

  high dimensional 

  noisy 

  …
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non-linear, non-quadratic, non-convex

non-smooth, multimodal, noisy

non-separability

ill conditioning

https://www.lri.fr/~hansen/gecco2013-CMA-ES-tutorial.pdf


Examples

✦shape optimization 
✦curve fitting 
✦airfoils  

✦model calibration 
✦biological 
✦physical  

✦parameter calibration 
✦controller



Randomized black box search
➡initialize 

➡population size 
➡distribution parameters

� 2 N
#(0)

➡until happy   
xi ⇠ P (x|#(k)), i = 1, . . . ,�➡sample

➡evaluate f(xi), i = 1, . . . ,�

➡update parameters 
#(k+1) = F

�
#,x1, . . . ,x�, f(x1), . . . , f(x�)

�



Randomized black box search
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The sampling distribution

represents the  
favorite solution

controls the  
step-size

isotropic 
maximum entropy

determines the shape 
of the distribution

https://w
w

w
.lri.fr/~hansen/gecco2013-CM

A
-E

S-tutorial.pdf

  choose sampling distribution 

xi ⇠ P (x|#(k)) = m

(k) + �(k)N (0,C(k))

  choose how to update the parameters

m(k) � �(k) � C(k)



The ingredients

Covariance Matrix AdaptationC(k)

Evolution Strategym(k)

Step Size Control�(k)



Evolution Strategies

A. Select and recombine

B. compute the mean



Evolution Strategies

# parents: 

# children: 

µ

�

elitist selection: 

non-elitist selection: 

(µ+ �)-ES

(µ,�)-ES

sample one child from parent 
 

if          is better than             select

(1 + 1)-ES

m
x ⇠ m+ �N (0,C)
m

m x

x



Evolution Strategies
Selection and weighted Recombination

m

(k+1) =
µX

i=1

wi x
(k+1)
i:�

• w1 � w2 � . . . � wµ > 0

•
P

i wi = 1

• f(x1:�)  f(x2:�)  . . .  f(xµ:�)

(µ\µW ,�)-ES

parents

weight  
+ 

recombine

children

wi / µ� i+ 1



The normal distribution

  geometrical interpretation of covariance matrix

(x�m)

>C�1
(x�m) = const.

N (m,D2) ⇠ m+DN (0, I)

N (m,C2) ⇠ m+C� 1
2N (0, I)

N (m,�2I) ⇠ m+ �N (0, I)

https://www.lri.fr/~hansen/gecco2013-CMA-ES-tutorial.pdf

https://www.lri.fr/~hansen/gecco2013-CMA-ES-tutorial.pdf


Covariance matrix adaptation

A. Estimation from scratch

B. Rank-mu-update

C. Rank-ONE-update



Covariance matrix adaptation
A. Estimation from scratch

C

(k+1)
emp =

1

�� 1

�X

i=1

(x(k+1)
i �m

(k+1))(x(k+1)
i �m

(k+1))>

E
h
C(k+1)

� |C(k)
i
= C(k)

E
h
C(k+1)

emp |C(k)
i
= C(k)

unbiased 
estimators

xi ⇠ m

(k) + �(k)N (0,C(k))

C

(k+1)
� =

1

�

�X

i=1

(x(k+1)
i �m

(k))(x(k+1)
i �m

(k))>



Covariance matrix adaptation
A. Estimation from scratch

C

(k+1)
EMNA =

1

µ

µX

i=1

(x(k+1)
i �m

(k+1))(x(k+1)
i �m

(k+1))>

Covariance Matrix Adaptation (CMA) Covariance Matrix Rank-µ Update

x
i

= m + � y
i

, y
i

⇠ N (0, C)

sampling of � = 150

solutions where
C = I and � = 1

Cµ = 1

µ

P
y

i:�yT

i:�
C  (1� 1)⇥ C + 1⇥ Cµ

calculating C where
µ = 50,

w

1

= · · · = wµ = 1

µ ,
and c

cov

= 1

mnew  m + 1

µ

P
y

i:�

new distribution
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Covariance Matrix Adaptation (CMA) Covariance Matrix Rank-µ Update

Rank-µ CMA versus Estimation of Multivariate Normal Algorithm EMNAglobal
11

x
i

= mold + y
i

, y
i

⇠ N (0, C)

x
i

= mold + y
i

, y
i

⇠ N (0, C)

sampling of � = 150

solutions (dots)

C 1

µ

P
(x

i:��mold)(x

i:��mold)
T

C 1

µ

P
(x

i:��mnew)(x

i:��mnew)
T

calculating C from µ = 50

solutions

mnew = mold + 1

µ

P
y

i:�

mnew = mold + 1

µ

P
y

i:�

new distribution

rank-µ CMA
conducts a
PCA of
steps

EMNAglobal

conducts a
PCA of
points

mnew is the minimizer for the variances when calculating C

11 Hansen, N. (2006). The CMA Evolution Strategy: A Comparing Review. In J.A. Lozano, P. Larranga, I. Inza and E. Bengoetxea
(Eds.). Towards a new evolutionary computation. Advances in estimation of distribution algorithms. pp. 75-102
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smaller variance 
increase geometrically fast 
premature convergence

C

(k+1)
µ =

1

µ

µX

i=1

(x(k+1)
i �m

(k))(x(k+1)
i �m

(k))>

wi

https://www.lri.fr/~hansen/gecco2013-CMA-ES-tutorial.pdf


Covariance matrix adaptation
B. Rank-mu update

✤estimation from scratch works well for large 
populations 

✤ in order to be fast population must be small 

✤use information from past

Ck+1 =
1

k + 1

kX

i=0

1

�(i)2
Ci+1

µ



Covariance matrix adaptation
B. Rank-mu update

✤use information from past 
✤assign recent generations higher weight 
✤exponential smoothing

C(k+1) = (1� cµ)C
(k) + cµ

1

�(k)2
C(k+1)

µ

rank: min{µ, n}

= (1� cµ)C
(k) + cµ

µX

i=1

wi y
(k+1)
i:� y(k+1)

i:�

>

y

(k+1)
i:� =

x

(k+1)
i:� �m

(k)

�(k)



Covariance matrix adaptation
c. Rank-ONE update

N (0, 1)y1 + . . .+N (0, 1)yk ⇠ N (0,
kX

i=1

yiy
>
i )

✤the singular distribution                         generates 
the vector        with maximum likelihood  

N (0,yiy
>
i )

yi
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N �
0,C(0)

� N �
0,C(1)

� N �
0,C(2)

�

Figure 4: Change of the distribution according to the covariance matrix update (20). Left:
vectors e

1

and e
2

, and C(0)

= I = e
1

eT
1

+ e
2

eT
2

. Middle: vectors 0.91 e
1

, 0.91 e
2

, and
0.41y

1

(the coefficients deduce from c

1

= 0.17), and C(1)

= (1 � c

1

) I + c

1

y
1

yT

1

, where
y
1

=

��0.59
�2.2

�
. The distribution ellipsoid is elongated into the direction of y

1

, and therefore
increases the likelihood of y

1

. Right: C(2)

= (1� c

1

)C(1)

+ c

1

y
2

yT

2

, where y
2

=

�
0.97
1.5

�
.

The line distribution that generates a vector y with the maximum likelihood must “live” on
a line that includes y, and therefore the distribution must obey N(0, 1)�y ⇠ N(0,�2

yy

T).
Any other line distribution with zero mean cannot generate y at all. Choosing � reduces to
choosing the maximum likelihood of kyk for the one-dimensional gaussian N(0,�2kyk2),
which is � = 1.

The covariance matrix yy

T has rank one, its only eigenvectors are R\0 ⇥ y with
eigenvalue kyk2. Using equation (19), any normal distribution can be realized if y

i

are
chosen appropriately. For example, (19) resembles (4) with m = 0, using the orthogonal
eigenvectors y

i

= d

ii

b

i

, for i = 1, . . . , n, where b

i

are the columns of B. In general, the
vectors y

i

need not to be eigenvectors of the covariance matrix (and usually are not).

Considering (19) and a slight simplification of (14), we try to gain insight into the adapta-
tion rule for the covariance matrix. Let the sum in (14) consist of a single summand only (e.g.

µ = 1), and let yg+1

=

x
(g+1)

1:�

�m(g)

�(g)

. Then, the rank-one update for the covariance matrix
reads

C(g+1)

= (1� c

1

)C(g)
+ c

1

yg+1

yg+1

T (20)

The right summand is of rank one and adds the maximum likelihood term for yg+1

into the
covariance matrix C(g). Therefore the probability to generate yg+1

in the next generation
increases.

An example of the first two iteration steps of (20) is shown in Figure 4. The distribution
N(0,C(1)

) tends to reproduce y
1

with a larger probability than the initial distribution N(0, I);
the distribution N(0,C(2)

) tends to reproduce y
2

with a larger probability than N(0,C(1)

),
and so forth. When y

1

, . . . ,yg denote the formerly selected, favorable steps, N(0,C(g)
)

tends to reproduce these steps. The process leads to an alignment of the search distribution
N(0,C(g)

) to the distribution of the selected steps. If both distributions become alike, as
under random selection, in expectation no further change of the covariance matrix takes place
[7].

15

https://www.lri.fr/~hansen/gecco2013-CMA-ES-tutorial.pdf
https://www.lri.fr/~hansen/gecco2013-CMA-ES-tutorial.pdf
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Covariance matrix adaptation
c. Rank-ONE update

✤assume

y

(k+1) =
x

(k+1)
1:� �m

(k)

�(k)

C(k+1) = (1� c1)C
(k) + c1 y

(k+1)y(k+1)>

✤then the covariance matrix

✤ increases the probability of generating             in the 

next generation

y(k+1)



Covariance matrix adaptation
c. Rank-ONE update + cumulation

✤ loss of sign information yy> = �y(�y)>

Covariance Matrix Adaptation (CMA) Cumulation—the Evolution Path

Cumulation
The Evolution Path

Evolution Path
Conceptually, the evolution path is the search path the strategy takes over a number of
generation steps. It can be expressed as a sum of consecutive steps of the mean m.

An exponentially weighted sum of
steps y

w

is used

pc /
gX

i=0

(1� cc)
g�i

| {z }
exponentially
fading weights

y(i)
w

The recursive construction of the evolution path (cumulation):

pc  (1� cc)| {z }
decay factor

pc +
p

1� (1� cc)2

p
µ

w| {z }
normalization factor

y
w|{z}

input =
m�mold

�

where µ
w

= 1P
w

i

2

, cc ⌧ 1. History information is accumulated in the evolution path.

Anne Auger & Nikolaus Hansen CMA-ES July, 2013 51 / 83

m(0)

m(1)
m(2)

p(k+1)
c =

kX

i=1

m(i+1) �m(i)

�(i)

✤ introduce the evolution path

p(k+1)
c = (1� cc)p

(k)
c + cc

m(k+1) �m(k)

�(i)

✤or with exponential smoothing



Covariance matrix adaptation

C(k+1) = (1� cµ � c1)C
(k)

+cµ

µX

i=1

wi y
(k+1)
i:� y(k+1)

i:�

>

+c1 p
(k+1)
c p(k+1)

c



Covariance matrix adaptation

✤ learns all pairwise dependencies between variables 

✤ learns a pre rotated problem representation 

✤ learns a new Mahalanobis metric  

✤ approximates the inverse Hessian on quadratic functions12 2 Evolution Strategies

Fig. 2.1 Mutation ellipsoids representing N.0; I/, N.0; diag.ı2// and N.0; C/ (from left to right)

x0 D xC ı !N.0; I/ (2.9)

This corresponds with spheres with individual radii defined by ı, as indicated in the
left part of Fig. 2.1. This case of an offspring distribution is called isotropic.

To turn the spheres into anisotropic ellipsoids with main axes parallel to
the coordinate axes, as shown in the middle of Fig. 2.1, matrix D in Eq. 2.8 must
be turned into a diagonal matrix ı D .ı1; : : : ; ın/T 2 Rn with different entries on
the main diagonal. As in the previous case, B is a diagonal matrix:

x0 D xC Idiag.ı/N.0; I/

D xCN.0; diag.ı2// (2.10)

The length ratios of the main axes of the mutation ellipsoids depend on the
ratios between corresponding components of the vector ı. A rotation of mutation
hyperellipsoids with respect to the coordinate axes, as shown in the rightmost part
of Fig. 2.1, is achieved by using a covariance matrix C with off-diagonal entries
different from zero. This case is denoted by the term correlated mutation. In contrast
with the two previous cases, the matrix B is not just an identity matrix:

x0 D xC Bdiag.ı/N.0; I/

D xC BN.0; diag.ı2//

D xCN.0; C/ (2.11)

The choice of one of the three cases explained above has a direct impact on
the complexity of the endogenous parameters controlling the multivariate normal
distribution. In general, if n denotes the dimensionality of the search space, the
number of endogenous strategy parameters in case of Eq. 2.9 is O.1/, i.e., constant.
In case of 2.10 a vector of size O.n/ of endogenous parameters is required,
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Step-Size Control

✤evolution path is short: single steps cancel out 
(anti-correlated) 

✤evolution path is long: steps point to the same 
direction (correlated) 

✤evolution path is OK: uncorrelated steps

ht
tp

s:
//

w
w

w
.lr

i.f
r/

~h
an

se
n/

ge
cc

o2
01

3-
CM

A
-E

S-
tu

to
ri

al
.p

df

https://www.lri.fr/~hansen/gecco2013-CMA-ES-tutorial.pdf


Step-Size Control
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The algorithm
Set parameters

Set parameters �, µ, wi=1...µ, c� , d� , c
c

, c
1

, and cµ to their default values according to
Table 1.

Initialization

Set evolution paths p� = 0, p
c

= 0, covariance matrix C = I, and g = 0.

Choose distribution mean m 2 Rn and step-size � 2 R
+

problem dependent.1

Until termination criterion met, g  g + 1

Sample new population of search points, for k = 1, . . . ,�

zk ⇠ N (0, I) (35)
yk = BDzk ⇠ N (0,C) (36)
xk = m+ �yk ⇠ N �

m,�

2C
�

(37)

Selection and recombination

hyi
w

=

µX

i=1

wi yi:� where
µX

i=1

wi = 1, wi > 0 (38)

m  m+ � hyi
w

=

µX

i=1

wi xi:� (39)

Step-size control

p�  (1� c�)p� +

p
c�(2� c�)µe↵

C� 1

2 hyi
w

(40)

�  � ⇥ exp

✓
c�

d�

✓ kp�k
EkN (0, I) k � 1

◆◆
(41)

Covariance matrix adaptation

p
c

 (1� c

c

)p
c

+ h�

p
c

c

(2� c

c

)µ

e↵

hyi
w

(42)

C  (1� c

1

� cµ)C + c

1

�
p
c

pT

c

+ �(h�)C
�
+ cµ

µX

i=1

wi yi:�y
T

i:� (43)

1The optimum should presumably be within the initial cube m ± 3�(1, . . . , 1)

T. If the optimum is ex-
pected to be in the initial search interval [a, b]n we may choose the initial search point, m, uniformly randomly
in [a, b]

n, and � = 0.3(b � a). Different search intervals �s

i

for different variables can be reflected by a
different initialization of C, in that the diagonal elements of C obey c

ii

= (�s

i

)

2. Remark that the �s

i

should not disagree by several orders of magnitude. Otherwise a scaling of the variables should be applied.

Figure 6: The (µ/µ

W

,�)-CMA Evolution Strategy. Symbols: see text
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Comparing Experiments

Comparison during BBOB at GECCO 2009
24 functions and 31 algorithms in 20-D

. . . 2010
Anne Auger & Nikolaus Hansen CMA-ES July, 2013 75 / 83

Benchmarks
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Comparing Experiments

Comparison during BBOB at GECCO 2009
30 noisy functions and 20 algorithms in 20-D

. . . 2010
Anne Auger & Nikolaus Hansen CMA-ES July, 2013 77 / 83

Benchmarks
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noisy functions
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application
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application

★data-model assumption

di = f(ti;#) + ", " ⇠ N (0,�)

★ likelihood

p(d|#) = N (f(· ;#),�)

★optimization

#?
= argmax

#
p(d|#)



Joining forces of Bayesian and frequentist methodology: a study for inference in the presence of non-identifiability,  A. Raue et. al.,

q(d|#i) = max

#j 6=i

p(d|#)

★profile likelihood function

application
with P. Chadjidoukas

http://rsta.royalsocietypublishing.org/content/371/1984/20110544
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implementation

Π4U 

High Performance framework for Uncertainty 
Quantification 

See the next talk of P. Chadjidoukas

http://www.cse-lab.ethz.ch/index.php?view=article&id=613
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